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1. Introduction

Ulirasound tomography with diffracting sources is an important type of acoustic imaging. Since the used wave-lengths are
comparable to the object feature dimensions, the straight ray tomography theory is no more applicable, Particularly, the
Fourier Slice Theorem should be replaced by the Fourier Diffraction Theorem [1], [2].

Reconstruction methods used beforehand addressed the problem as straightforward approximation of the inverse non-
uniform Fourier transform (NUFT) and involved frequency interpolation [1], [8], which is liable to introduce significant
inaccuracies. More accurate and computationally efficient metheds [3], [4] were proposed for forward and inverse 1D
NUFT.

Recently, fast and accurate approximation of the forward non-uniferm Fourier transform was introduced by Fessler and
Sutton [5]. Inverse NUFFT can be achieved iteratively in this framework. We adopt this approach for iterative
reconstruction in diffraction tomography, combining it with total variation regularization [6], [7] in order to suppress noise
while preserving the sharpness of edges. Simulation studies with the Shepp-Logan phantom show that the proposed
algorithm significantly outperforms the frequency interpolation methods.

2. Principles of diffraction tomography

Diffraction tomography allows reconstructing the refractive index ¥(x) of a scattering object by processing the data

obtained in scattering experiments [1]. In the classical configuration, the object is illuminated with a plane acoustic wave
with wave number K =27/4 and temporal frequency @ =27c/A, propagating in direction @:

Vo(xi)=ep(—ran)exp(kx-0) Sexplran)ug(® ¢+ )
The resulting field « (x) satisfies the reduced wave equation
Au(x)+ K214+ £ ())u(x)=0 ; f(x)=$(x)-1 )

where A denotes the Laplacian operator. u(X) can be written as a superposition of the incident fleld u,(x), computed

under the assumption of a homogeneous medium, and the scattered field u,(x), attributed solely to the inhomogeneitics

[1]. The scattered field is measured along a line of detectors. Equation (2) can be rewritten in an integral form, known as the
Lippmann-Schwinger integral equation:

U (X)=-K*[G(x-y) S (¥)u(y)dy @)

n
where G(x) is the appropriate Green function.

Reconstruction is possible by linearization of (3). The Born approximation is obtained by assuming weak scattering
(u(x) = uy(x)). Under the assumption of the Born approximation, a possible aliernative is solving the inverse problem in

the frequency domain.
3. The Fourier diffraction theorem

Given a projection F,(r) of the forward scattered field u,(x) obtained by illuminating an object f(x) with a plane
wave, the following equation holds:

AR (NN @)= {/(0)} (K (e)) . 0)

K (o)= a)cost‘}—(,,‘K,,z - -Ko)siné ; K (@)= wsin6+(,ﬂK§ - _K,,)cos0 0 K, ="2/1£ (35)

and ¢+ and * 2 denote the one- and the two-dimensional Fourier transforms, respectively. In other words, the Fourier

where
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transform of ihe projection gives the values of the 2D Fourier transform of the object along a semi-circular arc in the spatial
frequency domain, as depicted in Figure 1 [1].

Since wave phenomena obey the superposition principle, illuminating the object with a wave consisting of a set of
frequencics (referred to as broadband illumination), rather than a monochromatic wave, will produce samples along a set of
semi-circular arcs with different radii. Hence, a single projection contains more information about the object than a single
projection in straight ray tomography, and sufficient image quality can be achieved with fewer projections.

Two main reconstruction strategies in diffraction tomography are interpolation in frequency domain (analogous to the
direct Fourier inversion in straight ray tomography) and interpolation in space domain {analogous to the filtered
backprojection), usually termed as backpropagation (1), [2). A common way for image reconstruction in the frequency
domain is the gridding algorithm [1], [8]. The non-uniform data is interpolated to a uniform Cartesian grid using, for
example, polynomial interpolation. Afterwards, the inverse Fourier transform is efficiently computed using FFT. However,
this approach is iiable to introduce inaccuracies and is sensitive to the configuration of the sample points. In the next part,
we introduce an iterative reconstruction method, which allows reconstruct the image from non-uniform samples in
frequency domain without using gridding.

4. Non-Uniferm Fourier Transform )

The heart of iterative image recoustruction from non-uniform frequency samples is the forward non-uniform fast Fourier
transform. To define the NUFFT problem, we first consider a one-dimensional case. Let £ =(&,..,&,) : & €{-7, 7} bea
vector of non-uniformly distributed frequencies and F=(f 5, fyaa) 1S, € C be a vector of samples of a signal. The

non-uniform Fourier transform is the following trigonometric polynomial
Nr2-1

F= 2 ’f..fxp(' ) (6)

w==Nt

In matrix notation, F =¥f, where ¥ e C*¥ (K >N) is a full column rank matrix containing K discrete exponent
functions in its rows: ¥ =(¥,;.;W¢) ; W, (n)=exp(~né,). Fast approximation *+ of the NUFT operator can be
achieved by projecting the signal f on some oversampled uniform Fourier basis ®e C* using standard FFT, with
consequent efficient interpolation:

o F=ef=U4f )]
where U, denotes the interpelation operator, which makes use of p neighboring uniform samples for approximation of
each non-uniform sample and g is the oversampling factor. The overall complexity of such an algorithm is
O(gNloggN + pK}. )

Selecting the interpolation coefficients U, is a problem per se, and there are many ways of doing it. Recently, Fessler

and Sutton [5] proposed obtaining such interpelation coefficients that minimize the maximum approximation error at a
given point of the non-uniform grid over all signals with unit /,-norm. This appreach can be formulated as a min-max
problem:

N g 2
minmax|u, @} £ -y, f] ®)
where u, is the non-zero part of the k-th row of the interpolation matrix U, and CD; is a part of the overcomplete DFT
basis @, containing p nearest neighbors of the non-uniform basis element y, . The problem has an analytic sofution:
H uy!
u, =y 0" (o)) ®
corresponding to the coefficients of the best approximation of ¥, in CD: (superseript H denotes Hermitian transpose). In

practice, the interpolation coefficients can be pre-computed.

5. Iterative solution of the inverse problem
A. Formulation of the optimizarion problem

Straightforward solution of the inverse problem of (7) is a computationally extensive operation. It is given by the Moore-
Penrose pseudoinverse;

SR = {9y ) Wi (10)
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However, such a solution is practically impossible when A is large. Alternatively, equation (10) can be reformulated as an
optimization problem:

minf: £ - Ff; (1)
It is possible to add penalty on some kind of signal irregularity to the object function;
+ue(f) (12)

where 4 isa parameter controlling the influence of the penalty. Such a penalty approach is usually referred to as Tikhonov
regularization, This problem can be solved iteratively using various large-scale optimization techniques, which require
efficient computation of the objective function and its gradient [9).

B. Total variation regularization

Empirical observations show that the majority of images that occur in nature, and particularly in medical imaging
applications, belong to the class of functions of bounded total variation (defined as the integral of the gradient {, -norm)

[10]. The penalty term for total variation can be used in problem (12). For discrete image, the smoothed total variation is
given by
2 2
(£ +(£); (13)

where f,, f, are the discrete directional derivatives of the image, and # is a small positive smoothing parameter. Total

variation regularization removes small oscillations resulting from noise and Gibbs phenomena, without significantly
affecting the edges.

6. Results
Reconstruction was simulated on the analytic Shepp-Legan phantom, using the conjugate gradients optimization algorithm.

Figure 1: Frequency domain samplmg Figure 2: a. original band-unlimited phantom, b, Figure 3: licralive reconstruction in presence of

corresponding to 8 broadband proj uction by gridding, c. iterative least- noise (g, b: SNR =20dB, c, d: SNR = 10dB) with
( tized spatial frequency). squarcs reconstruction, d. iterative reconstruction  total variation penalty 4 = 100 (b, d) and without
with total variation penalty {z = 100). penalty (a, c).
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